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In drylands the soil water availability is a key factor ruling the architecture of the ecosystem. The soil water
reflects the exchanges of water among soil, vegetation, and atmosphere. Here, a dryland ecosystem is inves-
tigated through the analysis of the local interactions between soil water and vegetation forced by rainfall
having seasonal and stochastic occurrence. The evolution of dryland ecosystems is represented by a system of
two differential equations, having two steady states, one vegetated and the other unvegetated. The rainfall
forcing is described by a diffusion process with monthly parameters. In each of the two possible steady states,
the probability density functions of soil water and vegetation are derived analytically in terms of the rainfall
distribution. The results show how the seasonality of rainfall influences the oscillation of the ecosystem
between its vegetated steady state during the wet season and its unvegetated steady state during the dry season.
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I. INTRODUCTION

Drylands are environments where the existence and
growth of vegetation depends principally on the availability
of water in the soil. In this sense, drylands constitute water-
limited ecosystems, whose evolution is governed by the dy-
namics of soil water and vegetation. These dynamics are
strictly interrelated, since the vegetation takes up water from
the soil for its transpiration, while concurrently it reduces
water evaporation through its shadowing effect. Rainfall is
the external force exciting and driving the coupled dynamics
of soil water and vegetation. In the pertinent literature, the
approach adopted toward modeling of the coupled dynamics
of soil water and vegetation is usually deterministic, repre-
senting rainfall forcing as a constant parameter throughout
time, e.g., see �1–4�. However, rainfall is notoriously vari-
able, a fact suggesting that stochastic modeling is by far
more appropriate. Some studies have investigated the dy-
namics of soil water content driven by a simple model of
stochastic rainfall, according to which the entire volume of
rainfall is concentrated on a discrete set of individual time
instants as a marked point process, e.g., see �5,6�. The au-
thors of �7� considered the dynamics of vegetation forced by
a simple stochastic rainfall. Recently, the importance of driv-
ing the soil-water vegetation interactions by suitable stochas-
tic processes modeling rainfall has been addressed numeri-
cally in �8–10� and analytically in �11�. In drylands,
however, the rainfall has also a strong seasonal component.
That is, the greatest portion of the annual amount of precipi-
tation is concentrated in a certain period of the year, usually
referred to as the wet �or rainy� season, while the rest of the
year is referred to as the dry season, in the sense that pre-

cipitation becomes a rare event then. For example, in two-
thirds of Africa the annual rainfall is distributed in approxi-
mately three months only, with high variability from one
month to the other; see �12�. The authors of �4� have recog-
nized the significance of rainfall seasonality, addressing its
impact on the self-organization and productivity in semiarid
ecosystems. In the present paper, we study the coupled dy-
namics of soil water and vegetation locally �i.e., at a single
point of space�, under the forcing of stochastic rainfall, ac-
counting for both stochastic and seasonal occurrences and
variability. Section II describes the interactions between soil
water and vegetation in drylands. Section III furnishes a sto-
chastic diffusion model for rainfall, with seasonally adjust-
able coefficients of drift and dispersion. Section IV illustrates
the coupled stochastic dynamics of soil water and vegetation,
providing analytical formulas for steady state probability dis-
tributions of both dynamic variables. Section V focuses on
the impact of rainfall seasonality upon the coupled dynamics
of soil water and vegetation, with particular reference to the
steady states of the system.

II. SOIL-WATER VEGETATION INTERACTIONS

The soil-water–vegetation local interactions are described
by the following pair of ordinary differential equations, pro-
posed in �11�:

dS

dt
=

P

w1
�1 − S� − �S�1 − N� − �SN ,

dN

dt
= �SN�1 − N� − �N , �1�

where P denotes the rainfall rate, i.e., the volume of precipi-
tated water per time per area, S the soil water specified by
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the degree of saturation of the profile of available water ca-
pacity minus the residual soil water governed by capillary
forces, and N the normalized vegetation density specified by
the ratio between the aboveground vegetation density and the
maximum value attainable �carrying capacity� in a given en-
vironment. The variables S and N are both dimensionless,
taking values in the closed interval �0,1�, while P� �0, +��
carries dimension m/yr. The following conventions are meant
to accompany Eqs. �1�: �1� the ecosystem is water limited, in
the sense that soil water availability is the only limiting fac-
tor; �2� the groundwater table is deep enough, so that it does
not affect the soil water in the root zone, and itself is inac-
cessible to roots; �3� the model describes the soil water dy-
namics inside the root zone.

The first of Eqs. �1� describes the dynamics of S, where
w1 is the fraction of the pore volume available for water
storage, with respect to a volume of unitary base and height
equal to the root zone depth �m3 /m2�. � and � denote the
evaporation and transpiration rates, respectively, each carry-
ing dimension yr−1. The term P

w1
represents the rainfall rate

normalized with respect to the root zone capacity. We as-
sume that the soil surface is practically horizontal, and the
entire quantity of rainfall infiltrates into the soil as long as
the root zone capacity is not saturated. The term P

w1
S models

percolation beyond the root zone. When S=0 �completely
dry soil� all the rainfall contributes to moistening of the root
zone. When S=1 �saturated root zone� the rainfall percolates
through the soil and is lost to the roots. The term �S�1−N�
models evaporation from the soil, proportional to S and re-
duced by the shading and boundary layer resistance effects
of the vegetation, according to �1−N�. The term �SN models
vegetation transpiration as being proportional to both S and
N.

The second of Eqs. �1� represents the dynamics of N,
where � and � denote rates of vegetation growth and deple-
tion, respectively, each of dimension yr−1. Vegetation dynam-
ics is modeled by a logistic growth term �SN�1−N� and a
term �N for vegetation depletion, proportional to N. Hereaf-
ter, we assume that w1, �, �, �, and � remain constant; see
�11�. Equations �1� capture the first-order �i.e., the most fun-
damental� features of the hydrological and ecological pro-
cesses and their interactions, at a point, in drylands.

Soil moisture and vegetation have different time re-
sponses to rainfall forcing. From the first of Eqs. �1� it is
seen that S is directly influenced by P, implying a faster
response than N to P dynamics. From the second of Eqs. �1�,
it is seen that N is only indirectly influenced by P, through
the dynamics of S. Thus, a hysteresis effect between the re-
sponses of S and N to P dynamics is anticipated. This effect
is quantified by the time lag between the responses of N and
S to a certain forcing P, denoted by �S−N. This time lag
depends on the initial state of the system, and is indicative of
the survival capacity of vegetation during dry periods, i.e., in
absence of rainfall. Note that, when rainfall stops, i.e., P=0,
immediately the derivative of S becomes negative, while the
derivative of N becomes negative only when the condition
1−N�� / ��S� is satisfied. As a random variable �S−N can be
characterized through its mean E��S−N� and standard devia-
tion ���S−N�. We have calculated numerically these two

quantities using 10 000 initial conditions, assuming P�t�=0,
and considering two sets of parameters: one for grass veg-
etation �w1=0.35 m, �=4 yr−1, �=5 yr−1, �=2 yr−1, and
�=0.4 yr−1�, and one for tree vegetation �w1=0.35 m, �
=4 yr−1, �=4 yr−1, �=1 yr−1, and �=0.1 yr−1�. We

obtain Ê��S−N�=26 days�1 month and �̂��S−N�=34 days

�1 month for grass, and Ê��S−N�=55 days�2 months and
�̂��S−N�=56 days�2 months for tree. These values are in
agreement with those given in Table I of �13�.

The system of Eqs. �1� admits two steady states � dS
dt = dN

dt
=0�, one unvegetated �or bare soil� state

S =
1

1 +
�

P/w1

,

N = 0, �2�

and one vegetated state

S =

1 −
�

�

� − �

P/w1

1 +
�

P/w1

,

N =

1 −
�

�
�1 +

�

P/w1
�

1 −
�

�

� − �

P/w1

. �3�

Equations �2� give acceptable physical states for any value of
P	0, while Eqs. �3� do so only for P


��w1

�−� . The condition
P


��w1

�−� is necessary to guarantee N
0, when �
�. The
local stability analysis shows that the bare soil solution re-
mains stable as long as P�

��w1

�−� , while for values of P
greater than this threshold the bare soil solution behaves lo-
cally as a saddle point. At the other end, the vegetated solu-
tion is locally stable for P


��w1

�−� , or equivalently for S

�
� .

In the vegetated solution, when �
� �as required for the
onset of vegetation�, it is easily seen that both S and N are
�strictly� increasing smooth functions of P. The same is true
for S, unconditionally, in the bare soil solution. The smooth-
ness of S and N �i.e., existence of continuous derivatives up
to second order�, with respect to P in Eqs. �2� and �3�, is
instrumental in obtaining the steady state probability distri-
butions of the temporal stochastic processes �S�t�	 and �N�t�	
from the stationary distribution of the stochastic precipitation
process �P�t�	, in the framework of stochastic calculus. In-
deed, given an appropriate diffusion model for the stochastic
process �P�t�	, via Itô’s formulas �e.g., see �14�� one may
obtain �at least in principle� explicitly the stationary distribu-
tion of any smooth transformation of �P�t�	. In the next two
sections we carry out this task, along the guidelines given in
�15� and �11�, leaving technical details to the Appendixes A
and B.
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III. RAINFALL FORCING

In dryland ecosystems, the temporal distribution of annual
rainfall amounts may characteristically be partitioned into a
wet and a dry season within each year, in the sense described
in the Introduction. In light of such strong seasonal inhomo-
geneities in the occurrence and the intensity of rainfall, the
parameters involved in any stochastic model proposed for
the temporal rainfall process P�t�, spanning a sequence of
several months, seasons, or years, ought to be considered
fixed only over periods of scale considerably shorter than the
annual or the seasonal scales, e.g., monthly or even weekly
scales. Yet these parameters ought to be variable from each
such period �e.g., month or week� to the next, within a given
season or year, but ought to remain fixed for any such period
across different years �at least under stable climatic condi-
tions�. Hereafter, we adopt the monthly scale as being appro-
priate for modeling the rainfall process P�
t
i� as a homoge-
neous one-dimensional diffusion on the closed interval �0,
+��, with drift coefficient BP,i and dispersion coefficient
AP,i

2 , for 1� i�12 indexing the 12 months of any given cal-
endar year. That is, for the ith month of the year, the rainfall
process is modeled as a solution of the Itô stochastic differ-
ential equation �SDE�

dP�
t
i� = BP,i�P�
t
i��dt + AP,i�P�
t
i��dW�t� . �4�

driven by a standard Wiener process �W�t�	. For an introduc-
tion to the stochastic theory of diffusion processes, see �14�.
Also see �16–18� regarding nonhomogeneous diffusion.

From a physical point of view, the drift represents the
conditional expected rate of change of rainfall rate, for in-
finitesimal time increments, whereas dispersion controls the
corresponding conditional variance of the fluctuations of
rainfall rate about the drift, conditionally on a positive cur-
rent state of rainfall rate. The shape of BP,i and AP,i

2 depends
on physical considerations about the growth and decay of
rainfall intensity, but also on certain mathematical constraints
required for the existence of proper solutions to Eq. �4�.

Provided that a �strictly� stationary solution of Eq. �4�
exists �i.e., positively recurrent or ergodic diffusion� for each
i, then conditionally on raining �i.e., given that P�
t
i�
0�,
the probability density function �PDF�

fP,i,st�p� =
NP,i

AP,i
2 �p�

exp��p 2BP,i�x�
AP,i

2 �x�
dx� �5�

of the invariant probability measure corresponding to the ith
month is obtained from the well-known Fokker-Planck or
Kolmogorov forward equation. NP,i is a normalizing con-
stant such that �0

+�fP,i,st�p�dp=1, while the argument of the
exponential denotes the antiderivative function of
2BP,i�x� /AP,i

2 �x�, evaluated at x= p. Hereafter, we shall refer
to fP,i,st as the stationary PDF of precipitation in the ith
month of the year, conditionally on raining.

To address the invariant probability distribution of pre-
cipitation unconditionally, in a given month indexed by i,
one must further specify the behavior of the corresponding
diffusion model at the boundary points of its state space
�0, +��. According to �15�, the right boundary +� is consid-
ered inaccessible and the left boundary �0	 is necessarily

regular accessible, since rain does stop eventually, rendering
the unconditional invariant probability distribution of P�
t
i�
mixed. This mixed distribution is comprised of an absolutely
continuous component with PDF fP,i,st supported on the open
interval �0, +�� �i.e., conditionally on raining: P�
t
i�
0�,
and of a discrete component with a single atom probability
P(P�
t
i�=0)= �1+�i /NP,i�−1 supported at the boundary state
�0	 �i.e., the event of not raining: P�
t
i�=0�. Therefore, the
cumulative distribution function �CDF� of the �uncondi-
tional� invariant probability measure of P�
t
i� is

FP,i,st�p� =
1

1 + �i/NP,i
�1 +

�i

NP,i
�

0

p

fP,i,st�x�dx� , �6�

supported on all p	0. The parameter �i is a positive con-
stant, ruling the transitions from the boundary �0	 �no rain� to
the �raining� interior �0, +�� of the state space �0, +��, and
vice versa, according to a nontrivial sticky boundary condi-
tion imposed at this boundary �0	; see �15�. Appendix A
furnishes an explicit parametric family, Eqs. �A2� for mod-
eling the stationary PDF of precipitation, obtained according
to Eq. �5�, for a specific pair of drift and dispersion coeffi-
cients, Eqs. �A1�, postulated originally by �15,19�. A subfam-
ily of those PDFs is adopted as a working model, fitted to
observed precipitation data for each month of the year in
Sec. V.

IV. COUPLED STOCHASTIC DYNAMICS OF S AND N
AND THEIR STEADY-STATE PROBABILITY

DISTRIBUTIONS

If the precipitation parameter P is upgraded so as to be
considered a stochastic process �P�t�	, then the dynamical
system described by Eqs. �1� becomes a system of SDEs,
describing dynamics of the coevolving stochastic processes
of degree of saturation �S�t�	 and of normalized vegetation
density �N�t�	. In particular, if precipitation during the ith
month of the year is modeled by a diffusion process �P�
t
i�	,
as suggested in Sec. III, then the smooth transformations
S�
t
i�=S(P�
t
i�) and N�
t
i�=N(P�
t
i�) of �P�
t
i�	, furnished
by the steady-state solutions Eqs. �2� and �3�, render both
�S�
t
i�	 and �N�
t
i�	 as diffusion processes. That is, the
transformed processes �S�
t
i�	 and �N�
t
i�	 solve the Itô
SDEs, respectively,

dS�
t
i� = BS,i�S�
t
i��dt + AS,i�S�
t
i��dW�t� ,

dN�
t
i� = BN,i�N�
t
i��dt + AN,i�N�
t
i��dW�t� , �7�

which are meant to be driven by the same Wiener process
�W�t�	 driving Eq. �4� throughout time.

According to Itô’s transformation formulas �see Eq. �B3�
in Appendix B�, the drifts �BS,i ,BN,i� and dispersion coeffi-
cients �AS,i

2 ,AN,i
2 � in Eqs. �7� are determined by those of pre-

cipitation �BP,i ,AP,i
2 � and the first two derivatives of the

�smooth� transformations S�P� and N�P� expressed by Eqs.
�2� and �3�. Due to changes in the parameters of the drift and
dispersion coefficients of P, from one month to another ac-
cording to Eqs. �A1� in Appendix A, the drift and dispersion
coefficients of S and N do vary as well. Ultimately, that

DRYLAND ECOSYSTEMS: THE COUPLED STOCHASTIC… PHYSICAL REVIEW E 77, 051908 �2008�

051908-3



monthly variation of precipitation parameters propagates to
the shape of the stationary probability distributions of S and
N, while the system resides in either of its two steady states.
Let FS,i,st and FN,i,st denote CDFs of invariant probability
distributions corresponding to �strictly stationary� solutions
�S�
t
i�	 and �N�
t
i�	 of Eqs. �7�, for the ith month of the
year.

In the bare soil steady state, FS,i,st is of mixed type. By
analogy to the mixed CDF in Eq. �6�, it is comprised of an
absolutely continuous component with PDF fS,i,st, supported
on the open interval �0,1�, and an atom probability supported
at the left boundary �0	. The behavior of �S�
t
i�	 at its regular
accessible boundary �0	 is inherited directly from the
“sticky” behavior of �P�
t
i�	. Indeed, in the bare soil state,
Eqs. �2�, it is possible that S�
t
i�=s, for every s� �0,1�, but
S�
t
i�=0 if and only if P�
t
i�=0, whence P(S�
t
i�=0)
=P(P�
t
i�=0)= �1+�i /NP,i�−1. On the other hand, FN,i,st is
just a step function with a unitary jump discontinuity at �0	,
due to total absence of vegetation. Therefore,

FS,i,st�s� =
1

1 + �i/NP,i
�1 +

�i

NP,i
�

0

s

fS,i,st�x�dx�, 0 � s � 1,

FN,i,st�n� = I�0,+���n�, 0 � n � 1. �8�

In the vegetated steady state, both FS,i,st and FN,i,st are abso-
lutely continuous functions, with corresponding PDFs fS,i,st
and fN,i,st, supported �respectively� by s� �� /� ,1� and n
� �0,1−� /��. That is, FS,i,st and FN,i,st are simply integrals
of the corresponding PDF, since the boundaries � /� and 1
are inaccessible by the S process, and the boundaries 0 and
1−� /� are inaccessible by the N process. The boundary con-
straints are consequences of the fact that all vegetated physi-
cal states require precipitation P� �

��w1

�−� , +��; see Sec. II.
Therefore,

FS,i,st�s� = �
�/�

s

fS,i,st�x�dx,
�

�
� s � 1,

FN,i,st�n� = �
0

n

fN,i,st�x�dx, 0 � n � 1 −
�

�
. �9�

Using Itô’s formulas, a small effort of calculus demonstrated
in Appendix B yields the PDFs fS,i,st and fN,i,st expressed
analytically in terms of the precipitation PDF fP,i,st for both
bare soil and vegetated states. The resulting expression for
the bare soil state is

fS,i,st�s� =
NS,i

NP,i

fP,i,st� �w1s

1 − s
�

�1 − s�2 , 0 � s � 1, �10�

and for the vegetated state the resulting expressions are

fS,i,st�s� =
NS,i

NP,i

fP,i,st�w1��� − ��� + ��s�
��1 − s� �

�1 − s�2 ,
�

�
� s � 1,

fN,i,st�n� =
NN,i

NP,i

fP,i,st�w1����1 − n� + �n�
��1 − n� − �

�
���1 − n� − ��2 ,

0 � n � 1 −
�

�
, �11�

where NS,i and NN,i are normalizing constants, such that
�0

+�fS,i,st�p�dp=1=�0
+�fN,i,st�p�dp. It is worthy of remark that

Eqs. �8�–�11� are valid irrespective of the drift and dispersion
coefficients BP,i and AP,i

2 , upon which a diffusion model for
the precipitation process is built, and therefore also irrespec-
tive of the specific shape or form of the PDF fP,i,st given by
Eq. �5�.

V. THE ROLE OF RAINFALL SEASONALITY

In this section we investigate the role of rainfall season-
ality on the soil-water vegetation dynamics, particularly with
respect to the steady states. We try to understand how the
rainfall abundance in certain periods of the year and the rain-
fall scarcity in other periods force the ecosystem toward the
vegetated steady state or the bare soil state. With this goal,
we refer to a 45-year �from 1960 to 2004� historical record of
daily rainfall data observed at the Skukuza site, in the south-
ern region of Kruger National Park, South Africa. The re-
gion’s climate is semiarid subtropical with an average annual
rainfall of about 575 mm. The maximum annual rainfall is
1116 mm, recorded in 2003, while the minimum is 274 mm,
observed in 2000. Observations show high variability from
month to month in any given year. An impression of this fact
is depicted in Fig. 1, showing the sample mean and standard
deviation of the daily rainfall for each given month of the
year, across all years in the historical record. These statistics
indicate sinusoidal variability with a maximum of 3.46 mm/
day �i.e., 1.26 m/yr� observed in February, and a minimum of
0.26 mm/day �i.e., 0.09 m/yr� occurring in August. Since
almost all the annual amount of rainfall �more than 93%�
occurs in the period from September to April, we refer to this
period as the wet season, and to the remaining months from
May to August as the dry season.
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FIG. 1. Comparison between observed ��� and calculated ���
monthly means of daily rainfall with the relative standard deviation
�error bars� at Skukuza, South Africa. The gray line represents the
threshold value P=��w1 / ��−��. All values are in m/yr.
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Next, we consider the observed rainfall as a stochastic
process, modeled during the ith month of any given year as a
homogeneous diffusion �P�
t
i�	 on �0, +��, with drift and
dispersion coefficients given by Eqs. �A1�, with i=1; see
Appendix A. Consequently, the probability distribution
model adopted to fit to rainfall data of each month is the
mixed LST-lognormal distribution �defined in Appendix A�,
originally proposed in �15� and fitted to other precipitation
data in �19�. The PDF of the absolutely continuous compo-
nent of this mixed distribution is given by Eqs. �A2�, for
i=1, involving three parameters, �i, �i, and �i for each 1
� i�12. The atom probability P(P�
t
i�=0)= �1+�i /NP,i�−1

of the event of no rainfall within the ith month is determined
�under the model� by these three parameters ��i ,�i ,�i�
through the normalizing constant NP,i given by Eq. �A3�,
and by a fourth parameter �i
0 representing the sticky
boundary behavior suggested by �15�.

In light of the historic data, �i, �i, and �i have been esti-
mated using the method of least squares. Subsequently, NP,i
is estimated by substituting the least square estimates of �i,
�i, and �i into Eq. �A3�. The atom probability P(P�
t
i�=0) is
estimated by the sample percentage of zeros in the ith month
of the year, across the historic record. Finally, substituting
the estimates of NP,i and P(P�
t
i�=0) into the expression
of P(P�
t
i�=0), we obtain estimates of the sticky boundary
parameters �i. Figure 1 depicts also the unconditional
mean value and the unconditional standard deviation of the
invariant probability distribution of rainfall in each month
of the year. These two characteristics are calculated

through the formulas E(P�
t
i�)=
�i

�i+NP,i
�0

+�xfP,i,st�x�dx and

�Var(P�
t
i�)�1/2= �
�i

�i+NP,i
�0

+�x2fP,i,st�x�dx−E(P�
t
i�)2�1/2, for
the �unconditional� mean and standard deviation, respec-
tively �see �20��, using the estimated values of the parameters
�i and �i, �i, �i in the analytical expressions Eq. �A3� for
NP,i. The comparison between sample means and uncondi-
tional means of the fitted model, and between sample stan-
dard deviations and unconditional standard deviations of the
fitted model, does indicate the adequacy of the adopted sto-
chastic model for rainfall processes, in addition to the justi-
fications already given in �11,15,19�.

Sample estimates of P(P�
t
i�=0) are shown in Fig. 2�a�,
along with least-squares estimates of the parameters �i, �i,
and �i, in Figs. 2�b�–2�d�, respectively. Figure 2 gives also
the standard deviation of estimates of each parameter, repre-
sented by error bars. The sample estimate and its standard
deviation, for each parameter, are obtained from the nine
nonoverlapping five-year segments comprising the 45-year
rainfall record. The sample estimates of P(P�
t
i�=0) exhibit
a sinusoidal behavior with a maximum of 95% in July and a
minimum of 65% in November. Notably, throughout the dry
season the estimates of P(P�
t
i�=0) remain greater than
90%. Sinusoidal variability is also indicated by the estimates
of �i, while the other two parameters �i and �i show a vari-
ability practically included within the error bars; thus �i and
�i could be assumed constant within the year, respectively
equal to 0.19 and 0.05. Based on the estimated parameters �i,
�i, and �i, the LST-lognormal PDF fP,i,st of the invariant
distribution of �P�
t
i�	 for each month is computed and plot-
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FIG. 2. Monthly estimates of the parameters of the P distribution, for Skukuza data set. Estimates of �a� P(P�
t
i�=0), �b� �i, �c� �i, and
�d� �i. The standard deviation of estimate of each parameter is given as error bars.
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ted in Fig. 3�a�, together with the corresponding sample es-
timates of atom probabilities P(P�
t
i�=0). It is seen that in
Fig. 3�a� the modal value �peak� of the PDF attains higher
values during the dry season than during the wet season,
confirming an intuitively anticipated effect, namely, that the
likelihood of lower rainfall levels during the dry season
dominates the likelihood of those levels in the wet season.

The parameters of Eqs. �1� are considered constant, and
are assigned certain values as suggested in the literature,
w1=0.35 m, �=4.0 yr−1, �=5.0 yr−1, �=2.0 yr−1, and �
=0.4 yr−1; see �21�. These values are used throughout the
rest of the present study. However, a sensitivity analysis with
respect to these five parameters of Eqs. �1� has been recently
shown in �11�.

Figure 3�b� shows plots of fS,i,st, the PDF of the invariant
�mixed� probability distribution of �S�
t
i�	 for each month,
with respect to the bare soil steady state, including also the
atom probabilities P(S�
t
i�=0)=P(P�
t
i�=0) at the 0 bound-
ary. Notably, fS,i,st is bimodal throughout the wet season,
while during the dry season it becomes unimodal. This
means that there are two preferential states �one close to s
=0 and one close to s=1� for the soil water content during

the period of rainfall abundance and only one �close to s
=0� when rainfall is scarce. The bimodality of fS,i,st during
the wet season is in agreement with data observation pre-
sented in �22,23�.

Figure 3�c� shows plots of the PDF fS,i,st, for each month,
but with respect to the vegetated steady-state solution. Recall
that in that case fS,i,st is supported only on the open interval
�� /� ,1�, without any atoms of probability at either bound-
ary. Similar considerations about the shapes of these PDFs
are valid here as well as in the case of the bare soil solution.
Figure 3�d� shows plots of the PDF fN,i,st, for each month, of
course in the vegetated steady-state solution. These PDFs
fN,i,st are unimodal throughout the year. The mode is near the
upper boundary, n=1−� /�, causing negatively skewed
probability distributions, more markedly so during the wet
than in the dry season, to the effect that the likelihood of
high levels of vegetation abundance is greater during the wet
season than in the dry season. The negative skewness of
fN,i,st, especially during the dry season, signifies the resil-
ience of vegetation to the water stress. Therefore, a first main
conclusion to be drawn is that the seasonality of rainfall has
a direct impact on the shape of probability distributions of
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FIG. 3. Steady density function for the variables P, S, and N and for each month �black lines�. ��� indicates the atom probability. �a�
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soil water and vegetation abundances associated with the two
steady states of the ecosystem. For the adopted values of the
parameters w1, �, �, �, and � in Eqs. �1�, the rainfall thresh-
old P=

��w1

�−� is approximately 0.15 m/yr �or 0.4 mm/day�.
Thus, for P�0.15 m /yr, only the bare soil steady state is
attainable, which is locally stable, while for P
0.15 m /yr,
both the vegetated and the bare soil steady states are attain-
able, of which only the vegetated one is locally stable. Figure
1 facilitates the comparison between the rainfall threshold
level of 0.15 m/yr with the estimated mean of the daily rain-
fall for each month of the year across the historic record of
data. In the period from September to April, the monthly
mean of daily rainfall is greater than 0.15 m/yr, while in the
period from May to August the monthly mean is lower than
0.15 m/yr. Thus, on average, during the dry season, the scar-
city of rainfall forces the ecosystem soil-water vegetation
toward the bare soil steady state, which is stable since rain-
fall remains below the critical threshold level. On the other
hand, during the wet season, the abundance of rainfall pushes
the system toward the vegetated steady state, which is also

�locally� stable since rainfall remains above the critical
threshold level. Figures 4�a� and 4�b� depict the PDFs of S
and N, respectively, corresponding exclusively to the stable
steady states, for each month. Thus, a second conclusion to
be drawn is that the seasonality of rainfall causes the alter-
nation between the two steady states of the system.

VI. CONCLUSIONS

In this paper we have studied the coupled dynamics of
soil water and vegetation driven by a seasonally adjusted
stochastic model of rainfall processes in drylands. The eco-
system oscillates between two steady states, one vegetated
and one nonvegetated. The probability distributions of soil
water and vegetation at those two steady states have been
evaluated analytically. The impact of rainfall seasonality on
the dynamics of the ecosystem has been addressed with re-
spect to the �stable� steady states of the system. This season-
ality causes changes in the shape of steady-state invariant
probability distributions and forces an oscillation between
the two steady states, namely, between the bare soil steady
state, which remains stable during the dry season, and the
vegetated steady state, which remains stable during the wet
season.
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APPENDIX A: A WORKING DIFFUSION MODEL
FOR PRECIPITATION

The modeling of temporal processes of rain rate as homo-
geneous one-dimensional diffusions on the closed interval
�0, +�� was originally proposed in �15,19�. The drift and
dispersion coefficients postulated therein, motivated by cer-
tain physical, mathematical, and empirical considerations,
are nonlinear �logarithmic� mean reversion and power-law-
type functions, respectively,

BP,i = �i��i − ln�P + �i�� ,

AP,i
2 = �P + �i�i. �A1�

The index 1� i�12, introduced here, serves merely as the
indication of the month, and the variation of the model’s
parameters, location �i�R, scale �i
0, shape i
0, shift
�i	0, from one month to another. The condition �i
0 is
necessary and sufficient for the left boundary �0	 to be regu-
lar accessible, thereafter modeled by a further specification
as a sticky boundary �15�. The PDF fP,i,st of the absolutely
continuous component of the invariant probability distribu-
tion, obtained according to Eq. �5� for p
0, is

0
0.1

0.2
0.3

0.4
0.5

0.6
0.7

0.8
0.9

1

0

0.5

1

1.5

2

2.5

3

3.5

D
ec

em
be

r

N
ov

em
be

r

O
ct

ob
er

S
ep

te
m

be
r

A
ug

us
t

Ju
ly

Ju
ne

M
ay

A
pr

il
M

ar
ch

F
eb

ru
ar

y

Ja
nu

ar
yS

f S
,i,

st
(s

)

0
0.1

0.2
0.3

0.4
0.5

0.6
0.7

0.8
0.9

1
0

1

2

3

4

5

6

7
D

ec
em

be
r

N
ov

em
be

r

O
ct

ob
er

S
ep

te
m

be
r

A
ug

us
t

Ju
ly

Ju
ne

M
ay

A
pr

il

M
ar

ch

F
eb

ru
ar

y

J a
na

ur
y

N

f N
,i,

st
(n

)

(a)

(b)

FIG. 4. Probability density function of the stable state solution
for each month, for S in �a� and N in �b�. The black line indicates
that the stable solution is vegetated, and the gray line that the stable
solution is unvegetated. ��� indicates the atom probability.
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fP,i,st�p� = 
NP,i

�p + �i�i
exp�2�i�p + �i�1−i

1 − i
��i +

1

1 − i
− ln�p + �i��� , i � 1,

NP,i

p + �i
exp��i�i

2 − �i�ln�p + �i� − �i�2	 , i = 1. � �A2�

For i�1, the normalizing constant NP,i must be computed
numerically, since no closed expression is available. How-
ever, for i=1 one may analytically calculate

NP,i = 2
exp�− �i�i

2�
erfc��i�

��i

�
, �A3�

where �i= �ln �i−�i���i and erfc�z�=1− 2
��

�0
zexp�−u2�du is

the complementary error function. In fact, the three-
parameter subfamily of PDFs obtained from Eqs. �A2� when
i=1 is referred to as the left-shifted �by �i� and left-
truncated �at 0� lognormal family, in short LST-lognormal.
It is worth noting that the LST-lognormal family contains
the two-parameter lognormal family of distributions, for
i=1 and �i=0, in which case �i=E(ln�P�
t
i��) and
�i=0.5 /Var(ln�P�
t
i��).

APPENDIX B: CALCULATION OF PDF
BY ITÔ’S FORMULAS

Let �X�t�	 be a homogeneous one-dimensional diffusion
process on an interval I, with drift coefficient BX and disper-
sion coefficient AX

2 . Denote by sX its scale density function

sX�x� = exp�− �x 2BX���
AX

2���
d�� , �B1�

and by mX its speed density function

mX�x� =
1

sX�x�AX
2�x�

=
1

AX
2�x�

exp�− �x 2BX���
AX

2���
d�� .

�B2�

The PDF of the invariant probability distribution of the pro-
cess, fX, defined on the interior of the interval I, is a normal-
ized version of the speed density. That is, fX�x�=mX�x�NX,
where NX is a constant, such that �IfX�x�dx=1; compare Eqs.
�B2� and �5�. If g is a real-valued function defined on I,
possessing continuous derivatives up to second order in the
interior of I, then Itô’s transformation theorem renders the
transformed stochastic process �Y�t�=g(X�t�)	 a regular dif-
fusion process in the interior of g�I�; e.g., see �14�. Itô’s
formulas specify the drift and dispersion coefficients of the
transformed process �Y�t�	,

BY�y� = BX�x�g��x� +
1

2
AX

2�x�g��x� ,

AY
2�y� = AX

2�x��g��x��2, �B3�

at arguments x and y related by y=g�x� or equivalently by
x=g−1�y�.

Substituting the expressions Eqs. �B3� into the integral
defining the scale density function of �Y�t�	, and accounting
for the change of variable y=g�x�, so that dy=g��x�dx, one
obtains

sY�y� = exp�− �y=g�x� 2BY���
AY

2���
d��

= exp�− �x 2� 1
2AX

2���g���� + BX���g�����
AX

2����g�����2 g����d��
= exp�− �x �g����

g����
+

2BX���
AX

2���
�d��

= exp�− �x g����
g����

d��sX�x� , �B4�

furnishing the relationship between scale densities sY and sX,
for y=g�x� or equivalently x=g−1�y�. A similar calculation
furnishes the following relationship between speed densities:

mY�y� =
1

sY�y�AY
2�y�

=

exp��x g����
g����

d��
sX�x�AX

2�x��g��x��2

=

exp��x g����
g����

d��
�g��x��2 mX�x� . �B5�

Ultimately, accounting for the normalizations m . = f . /N,
where . indicates either X or Y, between a speed density and
the corresponding PDF, Eq. �B5�, we obtain the following
relationship between PDFs:

fY�y� =
NY

NX
fX�x�

exp��x g����
g����

d��
�g��x��2 . �B6�

When the role of g is played by the smooth transformations
of precipitation in the steady-state solutions Eqs. �2� and �3�,
the corresponding PDFs in Eqs. �10� and �11� follow from
Eq. �B6�.
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